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Stability Criteria for Accelerating and Decelerating Aircraft
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Theme
THE linearized differential equation for the longitudinal
oscillations of an aerodynamic body is derived for the gen-
eral case when the atmospheric density, thrust force, and
velocity are varying. New stability criteria are developed
for both ascending and descending flight of a decelerating
coasting vehicle having zero thrust. For constant accelera-
tion with varying thrust in a nearly horizontal trajectory
an exact solution is obtained in terms of the Coulomb
wave functions.

We have used the same standard aerodynamic coeffi-
cients and flight path axes system based upon the vari-
ables (V,a,y) (see Fig. 1) as used by Friedrich and Dore,1
and Alien2 to study the decelerating re-entry body. We
have extended their results by obtaining exact solutions
for their differential equations. We have compared our
exact solution for constant acceleration along a horizontal
flight path with the approximate one obtained by Oswald3

who used the fixed principal body axes based upon the
variables (u,w,q) (see Fig. 1).

Contents
This theoretical analysis was restricted to the pure lon-

gitudinal oscillations following a disturbance in the
steady-state angle of attack, and was based on the same
flight path axes system used by Friedrich and Dore1 and
Alien.2 This rotating axes system is always tangent to the
instantaneous flight path that is given by the steady-state
straight line flight path 70, and the small perturbation
y(t), both defined positive upwards as in Fig. 1. For this
flight path axes system CL is always normal to the jc-axis
so the nonlinear equations of motion may be written in
terms of the standard aerodynamic coefficients as

mV = -(l/2)pV2SCD - W sin(y0,+ y) + T cosa (1)
mVy = (l/2)pV2SCLaa - W cos(y0 + y) + T sina (2)

I(a + y) = (l/2)pV2SL[Cmaot + (L/V)Cm^ot +

(L/V)Cmq('a + y)] (3)

These equations for a planar rotating axes system are for
the same type of aircraft or missile that is represented by
Oswald's3 equations for the fixed principal axes system
with the exception that the thrust has been assumed to act
through the c. g. so as to remain in alignment with the
fixed reference axis for zero lift as shown in Fig. 1. If we
now eliminate 7 and 7 by introducing Eq. (2) into Eq. (3),
and assume that the aerodynamic coefficients are con-
stant, we obtain the following linearized differential equa-
tion for the variation in angle of attack (a) that is valid as
long as (gL/ V2) sin 70 <r 1:

d2a/dt2 + b(t)dot/dt + c(t)a = 0 (4)

bit) = (V/L)v[CLa - v(Cm-a + CmQ)} + (T/mV) (5)

c(t) = (V/L)2^[-Cma-Cmq(vCLa + TL/mV2)]

+ (V/L)iiCLa(V/V + p/p] -(T/mV}(V/V) + (T/mV) (6)

where
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p. = i = pSL/2m; a = mL2/I

and

(T/mV) = (V/V) + (V/L)vCD

(7)

(8)

For the case of coasting flight with zero thrust (T = 0)
we can reduce the preceding equations to those given by
Alien2 if we introduce the variable Y = 0y, and the expo-
nential atmospheric density variation given by Alien as p
- poe~Y. Then for either a descending (70 < 0), or an as-
cending (70 > 0) flight path we have the change in alti-
tude (y) given by

dy/dt = V siny0 = p~ldY/dt (9)

In this case, if (gL/V2) <C 1, we can write Eq. (4) in the
form

(d2a/dY2) (k2e~ > = 0

(10)
The constants are the same as those of Alien,2 namely

where

-CD -a(Cm(i •+ q
= 60[-aCma(/3L sinyo)-1 - CLa]
= 5Q

2CLa[-CD - oCmq]

60 - ]LL0(/3L = P<*SL/2m

(11)
(12)
(13)

(14)

As shown by Alien,2 and Tobak and Alien,4 a satisfacto-
ry solution of Eq. (10) for most cases is given by

where

(15)

(16)

and (Jo, YO) are the zero order Bessel functions of the first
and second kind, respectively. Laitone and Vinh5 have
shown that Eq. (15) is an exact solution of Eq. (10) when-
ever &i2 = £3, and it provides an excellent approximation
whenever kz 3> (ki2 - k3) > 0. As shown by Alien2 we
must take Cz = 0 for the re-entry problem since £ in-
creases from zero to 4(&i + £2), while on the other hand
we need Ci 7^ 0 for ascending flight in order to satisfy the
initial conditions since $ is now decreasing to a zero value
as y increases. Because Yo(0) — * • — < » we can therefore pre-
dict a critical altitude for any ascending missile if we note

CN

Fig. 1 Comparison of rotating axes (V,a,y) using CL and CD
with x always tangent to the flight path, vs fixed principal
body axes (u,w,q) using C.v, and axial force along principal
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that the zero order Bessel function Yo(£1/2) diverges with
no further oscillations whenever f1/2 < 0.8936. Since the
variable ^decreases as y increases for an ascending missile
we can determine the altitude at which a diverges with no
further oscillations as

g-fly/2 < (0.8936/2)0*?! + fc2r1/2; y > P~lln[5(kA + k2)]

(17)

Because 5o in Eq. (14) changes from positive for ascend-
ing flight (70 > 0), to negative for descending flight (70 <
0), we find that in the usual case fei > 0 in ascending
flight and &i < 0 in descending flight. Therefore in both
cases the exponential term containing k-i in Eq. (15) pro-
duces damping. However, if CD is excessively large then
&i can become positive in descending flight (do < 0). Then
Eq. (15) predicts a critical altitude at which the oscilla-
tion amplitude starts to increase as the altitude decreases.
Alien2 derived the first approximation to this critical alti-
tude and we have obtained the complete expression for
this criterion by applying the Sonin-Polya theorem, as
given by Szego,6 directly to the differential equation it-
self, Eq. (10). The second approximation to this critical
altitude for the angle of attack oscillation envelope diver-
gence in descending flight with k\ > 0 may be simplified
to

y = (18)

when (kz/kz) = 0 this reduces to Alien's criterion.
The angle of attack variation can be oscillatory only if

(ki + k2) > 0 because Eqs. (15) and (16) show that the
oscillating Bessel functions (Jo, ^o) are replaced by the non-
oscillating Bessel functions (/o,Ko) whenever (/ei + £2) <
0. Since /3-1 « 22,000 ft, therefore the Cma term in Eq.
(12) completely dominates the solution as long as L sin 70
< 102 and -Cma > 10~3. Consequently in the usual case
kz is positive and much greater in magnitude than fei or
ks, as shown by Alien.2 However, if Cma > 0 then the so-
lution is no longer oscillatory when (&i +k2) < 0, and the
aerodynamic body is then both statically and dynamically
unstable. We have verified these conclusions from Eq.
(15), which is Alien's approximate solution of differential
Eq. (10), by applying the Sonin-Polya theorem, as given
by Szego,6 directly to the differential equations involved.
The exact solution to Eq. (10) contains a confluent hyper-
geometric function and we discovered that an incorrect
statement concerning its oscillatory behavior was present-
ed in both Bateman7 and Abramowitz and Stegun.8 Their
statement that the confluent hypergeometric function
0(a,l;;c) is oscillatory for a > 0 and x > % is in error be-
cause in this case the Sonin-Polya theorem is not applica-
ble, and 0 is actually nonoscillatory. Stone9 used this in-
correct statement to erroneously predict dynamic stability
for an ascending coasting vehicle having Cma > 0.

Now let us consider an increasing thrust that maintains
a constant acceleration (V = A) for the case of a horizon-
tal flight path so that 70 = 0, and p = po remains con-
stant. Then Eq. (4) may be written as

d2a/dt2 + b(t)da/dt + c(t)ot = 0 (19)

where

&(/) =
c(0 =

(AL/V*)(CLa + CD

Mo = (p0Si)(2wr1; a = ml,2//

] + (A/V) (20)

CD) +

} - (A/V)2 (21)

(22)

Since no, as well as each aerodynamic coefficient, has
been assumed to be constant, therefore Eq. (19) applies to
a nearly horizontal trajectory with either a very low speed,
or a hypersonic speed, in order to have the aerodynamic
coefficients remain independent of the flight Mach num-
ber. We were able to obtain an exact solution of the above
equations in terms of the Coulomb wave functions FQ and
Go, as given by Abramowitz and Stegun,8 for the initial

conditions a(0) = ao, a(Q) = 0, in the form

<*(*)/<*„ =

(1 +
where

v(t) = FO + At; p(t) =

c0 -

and

o,/>)} (23)

g2; />(o) = x0 =
( l /2) (c 0 -& 0

2 /4 ) 1 / 2 >0(24)

+ CD- o(Cm<± + Cmq)] (25)

a - wCmQ(CLa + CD)} (26)

-&0
2/4)-1/2 (27)

A very important simplification occurs whenever Cm& =
0. In this case 770 — 0, and the solution reduces to

ct(t) = (1 + At/VjT* exp{[(l + At/VQ)2 - 1][-V4]}

(Ct sin[x0(l +At/VQ)2] + C2 cos[x0(l + At/VQ)2]}
(28)

This solution simplifies to the one given by Oswald3 if we
consider V(0) = 0, and then replace (V/V0) by (At/V0);
consequently Oswald's solution is only valid for the initial
low speed trajectory after launching from rest. On the
other hand, Eq. (28) is even valid at hypersonic speeds as
long as the aerodynamic coefficients are nearly constant.
Therefore in all cases having nearly constant acceleration
(A) we find an exponential damping provided by 60 > 0
from Eqs. (23) and (25) in the form

| a | /a0 = (1 + exp[(l + At/Vj2 - l][-&o/4]
(29)

For comparison with the constant velocity case we can ob-
tain the damping directly from Eq. (19) since V = VQ and
A = 0 so that

(30)

where the constant coefficient now is given by

&! = (Mo VQ/L)[CLa + CD- a(Cm(i + QJ] (31) .

These expressions, and a similar one for the coasting case
with T = 0, show that thrust always increases the damp-
ing, while drag decreases it.
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